Adding linear combinations R 2 , R µν R µν and R µνηδ R µνηδ with Eins-tein-Hilbert action we obtain interior metric of an anisotropic spherically symmetric collapsing (ASSC) stellar cloud. We assume stress tensor of the higher order geometrical terms to be treat as anisotropic imperfect fluid with time dependent density function ρ(t) and radial and tangential pressures p r (t) and p t (t) respectively. We solved linearized metric equation via perturbation method and obtained 12 different kinds of metric solutions. Calculated Ricci and Kretschmann scalars of our metric solutions are non-singular at beginning of the collapse for 2 kinds of them only. Event and apparent horizons are formed at finite times for two kinds of singular metric solutions while 3 metric solutions exhibit with event horizon only with no formed apparent horizon. There are obtained 3 other kinds of the metric solutions which exhibit with apparent horizon with no formed event horizon. Furthermore 3 kinds of our metric solutions do not exhibit with horizons. Barotropic index of all 12 kinds of metric solutions are calculated also. They satisfy different regimes such as domain walls (6 kinds), cosmic string (2 kinds), dark matter (2 kinds), anti-matter (namely negative energy density) (1 kind) and stiff matter (1 kind). Time dependent radial null geodesics expansion parameter Θ(t) is also calculated for all 12 kinds of our metric solutions. In summary 4 kinds of our solutions take absolutely positive value Θ > 0 which means the collapse ended to a naked singularity but 8 kinds of our metric solutions ended to a covered singularity at end of the collapse where Θ ≤ 0 and so trapped surfaces are appeared.
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I. INTRODUCTION
Renormalization theory of expectation value of stress energy tensor operator of propagating quantum fields in * Email address: hghafarnejad@yahoo.com hghafarnejad@profs.semnan.ac.ir curved space-times, leads to some geometrical state independent and also state dependent corrections on right hand side (RHS) of Einstein's gravity equation. State independent geometrical objects are obtained in terms of Lovelock polynomials [1, 2] They are made from higher order derivatives of the background metric 'g µν ' as 'R 2 ', R, 'R µν R µν ' and 'R µνγδ R µνγδ ', where 'R', 'R µν ' and 'R µνγδ ' denote as usual the scalar curvature, Ricci and Riemann tensors respectively (see also [3, 4] ). The basic motivation for studying these Higher Derivative gravity theories comes from the fact that they provide one possible approach to an as yet unknown quantum theory of gravity [5] . However, the structure of classical solutions of higher derivative gravity may provide a better approximation to some metric solutions with respect to those provided by general relativity. In four dimensions, due to the Gauss-Bonnet topological invariant, the corresponding Lagrangian contains only two quadratic terms among the above three possible. Cosmological applications of this formalism have been considered mainly in the context of inflationary cosmology, since the Rsquared term has the virtue of inducing an early inflationary stage in the spatially homogeneous and isotropic Friedmann-Lemaitre-Robertson Walker (FLRW) models (see for instance [6, 7] ). At the quantum level one can see [8] , where the effects of curvature-squared terms is studied on the wave function of the closed FLRW space time by the Hawking and Luttrell. They obtained that Weylsquared term in the action plays no role while the R 2 term behaves like a massive scalar field. The wave function of the universe can be interpreted as corresponding in the classical limit to a family of solutions that start out with a long period of exponential expansion and then go over to a matter dominated era. Also Wheeler-DeWitt wave equation of quantum cosmology with R 2 term is solved by Kasper [9] (see also [10] ). The quantum cosmology of introducing a cubic term in the scalar curvature into the Einstein-Hilbert action was studied previously in the ref. [11] . In the present work we want to study physical effects of the Lovelock polynomials on evolution of ASSC stellar cloud as follows. We use now the Einstein-Hilbert action added by combinations of the geometrical objects 'R µν R µν ', 'R µνγδ R µνγδ ', and R 2 to characterize structure of interior metric of ASSC star. Here we assume that geometrical source of the modified Einstein's equation treats as classical stress tensor of anisotropic fluid stellar matter with barotropic index γ = where p r and p t are radial and transverse pressures. ρ and p are energy density and isotropic pressure.
We solved linearized dynamical metric equation and obtained family of time dependent metric solutions (12 different kinds) and corresponding energy density and all pressures of the collapsed object. Mathematical derivations show that the stellar collapse reaches to covered singularity space time in 7 kinds of our solutions while 5 kinds of them reach to a naked singularity which in the latter cases cosmic censorship conjecture is violated. 10 kinds of our solutions are asymptotically flat but 2 kinds take flat Minkowski form at beginning of the collapse. In the latter 2 cases Ricci and Kretschmann scalars are calculated as regular while in the former 10 ceases they become singular at beginning of the collapse. For 2 kinds of our metric solutions the event and apparent horizons are formed at finite times.4 (3) kinds of our metric solutions exhibit with event (apparent) horizon only at finite times. 3 kinds of our metric solutions do not exhibited with both event and apparent horizons. Details of the work are given as follows. In section II, we call modified Einstein-Hilbert action functional with additional Lovelock polynomials. In section III, we describe summary of physical properties of an spherically symmetric collapsing star and obtained time dependent, linearized gravitational field equations of anisotropic spherically symmetric time-dependent curved space-time. We assume higher order derivative geometrical counterparts treat as anisotropic imperfect fluid. We obtained 12 different kinds of metric solutions and calculate time dependent energy density, radial, transverse, isotropic and anisotropic pressures, barotropic and anisotropy indexes of collapsing cloud. In section IV we study dynamics of event and apparent horizon formation and also obtained equation of trapped surfaces. In section V we study conditions on radial null geodesics expansion parameter and obtained exactly time dependence of them for all 12 kinds of our metric solutions. Also their diagrams are plotted against collapsing time in figures 1, 2, 3, · · · 12. Also our numerical results are collected at tables 1, 2, 3, 4 and 5. Section VI denotes to concluding remarks.
II. EFFECTIVE GRAVITY THEORY
Let us we start with the following action functional in which we used units 'G = c = = 1' [3, 4, 5] .
(1) where the coupling constants 'ζ', 'η' and 'ξ' come from dimensional regularization of interacting quantum matter fields. They have dimensions as (lenght) 2 and must be determined by experiment. Hence we solve dynamical field equations against arbitrary values of these parameters and obtain some physical statements. In particular case ξ = 1 = ζ and η = −4 the above action up to term of Ricci scalar R become a topological invariant (called the Euler number) and in case ζ = 1 2 , η = −2, ξ = 1 it leads to the well known Weyl-squared scalar C µνηδ C µνηδ . 'g' is absolute value of determinant of the metric field 'g µν '.
Varying (1) , with respect to 'g µν ', we obtain the metric field equation as (see [3, 4, 5] and references therein):
where we defined
and
From trace of the metric equation (2), one can obtain a good condition as (6α + 2β) R + R + 4βR αβ R αβ = 0 which help us to rewrite the metric field equation (2) as other form. Stress tensor given in RHS of the metric equation (2) is geometrical counterpart state independent of quantum matter field gravitational source. It will be considered to be treat as anisotropic imperfect fluid. We solve (2) in the next section to obtain interior metric of ASSC star and effective energy density, all pressure components, barotropic and anisotropy indexes of geometrical fluid.
III. SPHERICALLY SYMMETRIC COLLAPSING STAR
A massive star may be drop below the Chandrasekhar or the Oppenheimer-Volkoff limits and so it will be collapsed [12, 4] . A proper treatment of gravitational collapse would be prohibitively complicated because of its spherical symmetry breaking in the presence of nonzero space-components of four-velocity of the perfect fluid stellar matter. Even for spherically symmetric configurations in which equation of state of the ASSC star 'p(ρ)' is still stable as ' dp dρ ≥ 0', the possible end of the collapse depends on the in-falling sound velocity of the perfect fluid stellar matter v s . For a perfect gas the equation of state is p = ρ m RT = ρ m v 2 s in which ρ m is energy density, R is the particular gas constant, and v s is the sound velocity of the gas. It is really a characteristic thermal speed of the fluid molecules as v s = √ RT . In case of could gas (dust), the fluid molecules move as nonrelativistic and one can obtain barotropic index of state equation as γ = and v s << c, for a "cold" gas, and c is speed of light. In case of non-degenerate, ultra-relativistic gas (radiation but also matter in the very early universe) the barotropic
in each direction of 3-space. Usually barotropic index γ = p ρ is called as γ-law condition on the state equation p = γρ which at Zel'dovich interval 0 < p < ρ [13] must be satisfied as
In the latter situation the mean free path between particle collisions is much less than the scales of physical interest, then the fluid may be treat as perfect. This is also a good approximation to the behavior of any form of non-relativistic fluid or gas. In other words, dust dominance of the stellar perfect fluid is only a hydrostatic fluid which is rest with respect to a comoving coordinate system. In case stiff matter of imperfect fluids the corresponding barotropic index is γ = 1 and for supper stiff matter γ > 1. In case γ = −1 the fluid is treated as dark energy (the cosmological constant) which can be support acceleration of cosmic inflation. More generally, the expansion of the universe is accelerating for any equation of state γ < − In order to get some feeling for what can happen during collapse, it is considered usually the simplest case named as Tollman model [14, 15] . In that case, the stellar collapse is assumed to be spherically symmetric inhomogeneous perfect fluid matter. In spherically symmetric space time, without loss of generality, the line element can be written in diagonal form as
The proper radius from center of the collapsing fluid is R(t, r) and the collapsing boundary surface Σ is given in the interior comoving coordinates as a free fall surface r = r 0 = const so that R Σ = R(t, r 0 ). Usually the exterior metric of the collapsing star is assumed to be static and satisfies the standard Darmois-Israel junction conditions (see [16, 17] and reference therein). We know that the geometry inside the collapsing star is dynamic since the radial coordinate become time-like and the metric is time dependent (see also [18] ). Hence we choose a non-comoving observer where the interior metric of the ASSC star become
where a(t), b(t), c(t) are determined by solving the metric equation (2) . It should be pointed that 2-sphere spatial part of the above metric is inhomogeneous because of absence of r 2 term. Inserting (8) the components of the tensor equation (2) become nonlinear and so one must be decide to solve (2) by applying one of numerical or perturbative analytical methods. We will consider here the latter method by assuming the following perturbation series expansions to linearize the metric field equation (2) .
where a 0 , b 0 , c 0 are constants and ǫ is a suitable dimensionless order parameter of the series expansion. For instance we can choose ǫ = α β for α < β or ǫ = β α for α > β respectively. In case α = β the equation (3) leads to ζ − η = 5ξ for which we can choose ǫ = { ζ η , ζ ξ , η ξ }, for {ζ < η, ζ < ξ, η < ξ} respectively or vice versa. Applying (9) , (10) and (11) zero order approximation of the metric equation (2.2) leads to the following condition.
where the line element (8) will be take the following form.
First we set
because interior metric of the collapsing star has Euclidean signature (+, +, +, +). Applying (9), (10), (11), (12) and (14), first order part of nonzero tt, rr, θθ, components of the metric equation (2) become respectively (8α + 3β) ...
and (4α + 3β)
....
ϕϕ component of the metric equation (2) leads to the equation (17) and dose not give us more information about the metric solutions. Over dot denotes to differentiations with respect to time parameter 't'. If we want to know about time dependence of energy density and pressures of the collapsing cloud, we must be have Einstein tensor components which up to second order terms O(ǫ 2 ), are obtained as
where we insert (12) and (15) . Anisotropy property of our gravitational system can be seen from inequality between (19) and (20) as
Hence we assume that right side of the equation (2) describes an imperfect fluid stellar matter source with anisotropic stress tensor
where p r (t) and p t (t) are radial and transverse (tangential) pressures respectively. We decompose the stress tensor (21) to two parts as
where p(t) is isotropic pressure as
and Π ν µ is traceless anisotropic stress tensor as
which are determined from trace of the tensors (21) and (22). Applying (18) , (19) , (20) and comparing (21) with (2), one can obtain
We have also dimensionless anisotropy index
and dimensionless barotropic index
If we want to know about singularity of our obtained metric solutions we must be determine corresponding Ricci and Kretschmann scalars which up to second order terms become respectively
Up to second order terms, one can calculate covariant conservation condition of the stress tensor (21) given by
Inserting (25), (26), (27) and (28) the above conservation condition leads to the following form.
Coefficients of linearized differential equations (15), (16) and (17) have singularity at time t = 0 and so it will be useful to obtain time dependent metric solutions (a 1 , b 1 , c 1 ) at neighborhood t → 0. Also we need to fix initial conditions on the obtained solution. We will consider two different initial conditions as a 1 (0) = b 1 (0) = c 1 (0) = 0 and a 1 (∞) = b 1 (∞) = c 1 (∞) = 0 and obtain two class of metric solutions which are flat Minkowski at t = 0 and t → ∞ respectively. Asymptotically behavior of the equations (15), (16) and (17) at t → 0 are respectively
and (4 + 3ω) ....
where we defined dimensionless parameter ω as
The equations (35), (36) and (37) have power-law solutions as 
Inserting (40) (42) and (44) simultaneously to obtain numerical values of the parameters µ and ω. We plotted diagrams of the equations (42) and (44) at figure 1 where crossing points determine numerical values of the parameters µ and ω. There are 12 crossing points called as P i ≡ (µ i , ω i ); i = 1, 2, 3 · · · 12 and collected at first and second column at table 1. Inserting (12) , (14) and (39) one can obtain explicit form of the line element (13), the barotropic index (29) and the anisotropy index (30) respectively as
∆(t) ≈ (2µ 2 + 3µ + 1)
where we set
Inserting numerical values of the parameters µ i , ω i given in the table 1 one can obtain numerical values of the coefficients A B , E B , ∆(t) and γ(t) for all 12 points P i . They are collected also at the figure 1. Inserting (39) we can rewrite the equations (25), (26), (27), (28), (32) and (33) as follows.
(55) Numerical values of the parameters (50), (51), (52), (53), (54) and (55) are calculated at the particular points P i ; i = 1, 2, 3, · · · 12 and are collected in table 2. In the next section we proceed to obtain the times where internal event and apparent horizons of our obtained metric solutions are formed.
IV. HORIZONS FORMATION AND TRAPPED SURFACES
Here we assume the existence of an apparent horizon, which is defined as the outer boundary of a connected component of the trapped region. The important feature of the apparent horizon is that, if the space time is strongly asymptotically predictable and the null convergence condition holds, the presence of the apparent horizon implies the desistance of an event horizon outside or coinciding with it. If the connected component of the trapped region has the structure of a manifold with boundaries, then the apparent horizon is an outer marginally trapped surface with vanishing expansion [19] . Along a future directed outgoing null geodesic, the relation [20] 
for line element (7) is satisfied, where +(−) corresponds to expanding (collapsing) phase and
is the Misner-Sharp mass function [21] . Assuming ∂ r R > 0 the equation (56) shows that in the expanding phase there is no apparent horizon but in the collapsing phase on a hypersurface of constant t the two-sphere R = 2m is an apparent horizon. The region R < 2m is trapped surfaces where dR dt < 0, while the region R > 2m is not trapped in which dR dt > 0. Singularities which can be appeared in spherically collapse are called 'shell-crossing' if ∂ r R = 0 with R > 0 and 'shell-focusing' if R = 0. In the local frame, the space time may to be has 'centralsingularity' and 'non-central singularity' which is characterized by r = 0 and r > 0 respectively. In the metric solution (45) time dependent 2-sphere radiuses are
in which ∂ r R = 0 and so all hypersurfaces R > 0 are shell-crossing type of space time singularity. Also the particular hypersurfaces
which are solutions of the equation R(t) = 0 are shellfocusing singularity of our metric solution. Trapped surfaces are determined by equating dR dt ≤ 0 as
in which
is apparent horizon formation time obtained from dR dt = 0 with corresponding radius
Event horizon formation time T EH is determined by solving the equation g tt (t) = 0 given by (45) as
with corresponding 2-sphere radiuses
Black holes are formed with total Misner-Sharp mass M = m(T AH ) and radius R(T AH ) if
which by inserting (62) and (64) leads to
If our metric solutions given by P i ; i = 1, 2, 3, · · · 12 at table 1 can not satisfy the above condition then they will be describe formation of naked singularity at end of collapse. Numerical values of the quantity σ are given in the table 3 for all our metric solutions. The choice P 3 describes a collapsing cloud which reaches finally to a covered singularity by standing apparent horizon and forming event horizon after than that with larger radius. Other cases P i ; i = 3 given in the table 3 may show naked singularity as end of the collapse. But since the absence of an apparent horizon does not necessary implies the absence of an event horizon, thus we seek naked singularity formation or otherwise also by evaluating time dependence of radial null geodesic expansion parameter as follows. It will be help us to determine nakedness of singularity of other metric solutions denoted with P i ; i = 3 via studding of trapped surfaces in the following section. Our results are collected in the table 4.
V. CONDITIONS ON RADIAL NULL GEODESIC EXPANSION
Consider a congruence of outgoing radial null geodesics having the tangent vector (V t (τ ), V r (τ ), 0, 0), where
and τ is an affine parameter, along the geodesics. In terms of these two vector fields the geodesic equation can be written as
The above equations show that
The geodesic expansion parameter is defined by Θ =
ν which by applying (70) and our metric solution (45) reduces to the following form.
where
(72) First term of RHS of the equation (71) can be rewritten as
Inserting (67) into the above relation one can result
Inserting (68) and (74) we can rewrite the geodesics expansion parameter (71) such as follows.
(76) Radial ingoing (-) and outgoing (+) null geodesics of the metric solutions (45) are obtained by setting ds = 0 = dθ = dϕ as
where we use (67). Eliminating 't' and τ parameters between (68), (69) and (77) we obtain
which leads to the following relation.
Using the above relation we can choose
Using (80) and (81) we obtain
Inserting (82), the geodesics expansion parameter (75) can be rewritten as
where when Θ > 0 the singularity become visible and so cosmic censorship conjecture is violated but not for Θ ≤ 0. In the latter case trapped surfaces appear and their boundary surface region called as apparent horizon is determined by Θ = 0. Namely all trapped surfaces satisfy Θ < 0. These surfaces are closed orientable smooth two dimensional space-like surfaces such that both families of ingoing and outgoing null geodesics orthogonal to them necessarily converge. The singularity is called naked if there exist a family of future directed non-spacelike geodesics reaching faraway observers in space-time and terminating at the singularity in the past with a definite tangent. If such family of curves do not exist and the event horizon forms earlier than the singularity covering it, a black hole is formed. We should point that the absence of an apparent horizon dose not necessarily implies the absence of an event horizon. Some of our obtained metric solutions exhibit with event horizon formation while an apparent horizon can not to form (see 
Diagrams of the null geodesics expansion parameter Θ * i (t); i = 1, 2, 3, · · · 12 are plotted at figures 1, 2, 3, · · · 12 respectively against t. and their descriptions are given as follows. and T → ∞ (thee singularity). Trapped surfaces is characterized for times 2.383 < T < ∞ and so the singularity is located inside of trapped surfaces. Thus final state of the collapse is covered singularity as big black hole. Table 5 . Numerical values of the black hole formation condition σ i ≥ 0 P i σ i P 1 -0.286 P 2 -1.490 P 3 +0.120 P 4 +0.026 P 5 -295.830 P 6 -4.073 P 7 -4.411 P 8 -0.700 P 9 -2.835 P 10 -0.076 P 11 -P 12 - 
VI. CONCLUDING REMARKS
We apply an alternative higher order derivative gravity model to obtain time-dependent internal metric solution of an anisotropic spherically symmetric collapsing cloud . We obtain class of solutions (12 different kinds) where geometrical source treats as domain walls (6 kinds), cosmic string (2 kinds), dark matter (2 kinds), stiff matter (1 kind) and anti-matter ( negative energy density) with 1 kinds. In summary 7 kinds of our solutions reach to compact object with covered singularity (the black hole) but 5 solutions reach to naked singular metric at end of the collapse and hence cosmic censorship conjecture maintain valid for 7 kinds of our 12 metric solutions only.
